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I. INTRODUCTION
One-dimensional (1D) integrable models play special roles in the studies of nonequilibrium dynamics of quantum manybody systems. Their eigenstates can be obtained through the Bethe ansatz method 1 . Integrable models have an extensive number of conserved quantities 2 . Their existence leads to anomalous transport properties such as nonzero Drude weights at finite temperatures 3, 4 , where the Drude weight is an important quantity in the linear response theory 5 . In addition, these conserved quantities constrain the equilibration of the system. It is conjectured that the long-time asymptotic stationary state is described by the generalized Gibbs ensemble 6 in integrable models.
The generalized hydrodynamics (GHD) was developed recently 7, 8 , to describe dynamics in integrable models. By using GHD, nonequilibrium dynamics starting from inhomogeneous states has been studied [7] [8] [9] [10] [11] [12] [13] [14] [15] . The time evolution equations are derived from the continuity equations of conserved quantities and described in terms of the distribution functions of quasiparticles in these models. In particular, the partitioning protocol 7, 8, [16] [17] [18] [19] [20] is under intensive study because it is simpler than the other protocols in GHD. In this protocol, two equilibrium states are connected at time t = 0, and its time evolution is studied as we will explain in Sec. III. Time dependence of local densities of conserved quantities and their currents are studied, and the formulae for Drude weights based on GHD are derived 10, 21, 22 . It should be noted that the validity of GHD was recently confirmed by an experiment in 1D Bose gas system on an atom chip 23 . The 1D Hubbard model, which is studied in this paper, is a standard lattice model of strongly correlated electrons and exactly solved by the nested Bethe ansatz [24] [25] [26] [27] . The model has two degrees of freedom, charge and spin, and correspondingly the types of quasiparticles in the model are classified into scattering and bound states of charge and spin. Ilievski and Nardis applied GHD to the 1D Hubbard model for the first time in Ref. 10 and mainly studied its Drude weight. They also used the partitioning protocol in the 1D Hubbard model and compared their results with the numerical results in Ref. 28 . However, the dependence of currents on initial conditions was not studied systematically.
In this paper, we examine systematically the dependence of charge and energy currents on chemical potential and temperature in an initial state in the partitioning protocol. We have found a spatial region that has no charge current while energy current flows if one part of the initial state is half-filled, i.e. one electron per site. We study this region analytically in some limiting cases and numerically in more general cases. We examine the contributions of different types of quasiparticles to charge and energy currents and show that different contributions cancel to each other in the charge current in the region. A similar phenomenon was found in the XXZ model, and no spin current flows under some conditions 11 . Our re-sult is analogous to this regarding charge degrees of freedom. We will also show the presence of a similar phenomenon regarding spin current. We also discuss general relationships between charge and spin currents.
We also study stationary charge and energy currents as time goes to infinity. We analyze systematically the dependence of the stationary currents on the initial conditions. We show that the initial temperature dependence changes qualitatively with the initial particle density. We investigate the effects of the Coulomb interaction on the stationary charge current, by comparing with non-interacting cases.
This paper is organized as follows. In Sec. II, the model and its Bethe ansatz formulation are described. In Sec. III, we review the protocol considered in this paper and the generalized hydrodynamic theory. In Sec. IV, we examine analytically the profiles of local densities and their currents in some limiting cases. In Sec. V, we consider numerically these quantities at finite temperatures. The conclusion is given in Sec. VI.
II. THE ONE-DIMENSIONAL HUBBARD MODEL
The Hamiltonian of the 1D Hubbard model on L sites is given bŷ
whereĉ † j,σ andĉ j,σ are the electron creation and annihilation operator, respectively, at site j with spin σ ∈ {↑, ↓}. n j,σ ≡ĉ † j,σĉ j,σ and s σ is defined as s ↑ = 1 and s ↓ = −1. We have set the electron hopping amplitude to be unity, and will use it as the unit of energy throughout this paper. µ and B are chemical potential and magnetic field, respectively. The Coulomb repulsion is parameterized by u > 0, and the constant −1/4 in this term is included so as to make the energy of the vacuum state zero.
A remarkable point of the 1D Hubbard model is that it is exactly solvable by the nested Bethe ansatz [24] [25] [26] [27] . Each eigenstate of the Hamiltonian with N ↑ spin-up electrons and N ↓ spin-down electrons is described by a set of charge momenta k = (k 1 , · · · , k N ↑ +N ↓ ) and spin rapidities λ = (λ 1 , · · · , λ N ↓ ) , which are determined by solving the Lieb-Wu equations 26 .
In the thermodynamic limit, the string hypothesis 29 claims that the positions of k's and λ 's in the complex plane are described by three types of distribution functions ρ 0 (k), {ρ a (Λ)} a=1,2,··· , {ρ a (Λ)} a=−1,−2,··· .
(2)
The first one (a = 0) is the distribution of real k, and the second one (a > 0) is about Λ string made of a complex λ 's equally separated along the imaginary axis with the common real part Λ. The last one (a < 0) is about k-Λ string made of equally separated λ 's together with sin k's at the common real part Λ. The number of λ 's and k's is |a| and 2|a| respectively. The configurations of k's and λ 's in these types and their charge and spin are shown in Fig. 1 . As will be shown in Eq. (5), in GHD, the time evolution is described by the dynamics of distribution functions of each configuration in Fig. 1 labeled by an integer a. Therefore, we call it a quasiparticle of type-a. Real k's (a = 0) are scattering states and each of them carries charge e and spin 1/2. Each Λ string a(> 0) carries spin a. Each k-Λ string a(< 0) is a bound state 27 carrying charge 2|a|e and spin 0. For describing a thermal equilibrium state, one also needs their hole distributions ρ h a . Instead of the pair of ρ a and ρ h a , one can alternatively use the total distribution ρ t a and the filling function ϑ a ρ t a ≡ ρ a + ρ h a , ϑ a ≡ ρ a ρ t a .
(
For later use, we also define different parametrizations
III. GENERALIZED HYDRODYNAMIC APPROACH AND PARTITIONING PROTOCOL
We analyze the nonequilibrium dynamics using the partitioning protocol. In this protocol, two semi-infinite chains are kept in different equilibria until time t = 0 as shown in Fig. 2 . The initial left (right) thermal equilibrium state is determined by the inverse temperature β L(R) , the chemical potential µ L(R) , and the magnetic field B L(R) . V L(R) is the left (right) light cone, and if the ray ξ = x/t satisfies ξ ≤ V L or ξ ≥ V R , the local state remains the initial left (right) equilibrium state. In this paper, we consider the case that µ s ≤ 0 and B s ≥ 0 for s = L, R, which means the initial left (right) particle density n L(R) and magnetization m L(R) satisfy n L(R) ≤ 1 and m L(R) ≥ 0, respectively.
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In this section, we outline the formulation for the partitioning protocol in the 1D Hubbard model following Ref. 10 . Since the GHD describes the large-scale dynamics, we use a coarse-grained continuous variable x instead of j. In GHD, the quantum state of the integrable system is represented by the distributions at each space-time point {ρ a (w; x,t), ρ h a (w; x,t)}, and the time evolution follows the continuity equations of quasiparticles corresponding to real-k's and each type of strings
where w = k for a = 0 or otherwise w = Λ. {
• v a } are the dressed velocities 30 , which will be explained later. In the following, quantities with a small circle atop denote their dressed values.
In the partitioning protocol, the distributions and physical observables depend only on the ray
Quantities under consideration are a local density of conserved quantity and its corresponding current density such as particle density n(ξ ) and its current j n (ξ ). Note that charge current j c is proportional to the particle density current j c (ξ ) = e j n (ξ ),
where e < 0 is the electron charge, and therefore essentially they are identical. Henceforth in this paper, we will calculate j n and discuss charge current based on its data. Readers should be warned that the two words, particle density current and charge current, are used interchangeably throughout this paper. They can be calculated from the quasiparticle distributions {ρ a (w, ξ )} and their dressed velocities
• v a (w, ξ ). The particle density n, magnetization m, and energy density e and their currents j n , j m , j e are given by
with
Here, e a is the bare energy of the type-a quasiparticle:
and e a>0 (Λ) = 0. The symbol ℜ denotes the real part. By using Takahashi's equations (D1)-(D4), alternative expressions are obtained for n and m
and these will be used afterwards. An equation analogous to Eq. (14) also holds in the XXZ model 11 . Now, let us sketch how to obtain {ρ a (w, ξ )} and {
• v a (w, ξ )}. As will be shown below, it is easier to calculate the filling function {ϑ a (w, ξ )} together with { • v a (w, ξ )}. In the process of solving them, the total distributions {ρ t a (w, ξ )} are obtained and the quasiparticle distributions are determined as ρ a = ϑ a ρ t a . The two quantities, { • v a } and {ϑ a } are related to each other. Therefore, one should calculate them consistently, and we use iterations for that. Suppose the dressed velocities are given and we try to calculate the filling functions {ϑ a (w, ξ )}. They follow the differential equation 10
and its initial condition is
where Θ(x) is Heaviside's step function, Θ(x) = 1 for x > 0 and 0 otherwise. This equation is easier to solve than Eq. (5), because the differentiation does not operate to the velocity. The ray representation of this equation reads
This means ∂ ξ ϑ a (w, ξ ) ∝ δ (ξ −
• v a (w, ξ )), and integrating this leads to the solution of the filling function
For each string a, the curve ξ =
• v a (w, ξ ) divides the ξ -w space into two parts as shown in Fig. 3 . The filling function is given by ϑ L a in the left part, and by ϑ R a in the right part. We define the light cones for each string a as shown in Fig. 3 ξ
From Eq. (18), the filling function ϑ a (w, ξ ) satisfies
Thus, the GHD calculation consists of two parts. The first part is the calculation of the filling functions {ϑ L a } and {ϑ R a } for the initial equilibrium in the two parts. It is sufficient to calculate them once at the beginning of the whole procedure, and the details are explained in Appendix A.
The second part is about the dressed velocities {
• v a }, and they should be consistent with the filling functions obtained from Eq. (18) as we will explain below. For each ξ , the dressed velocity is defined in terms of dressed momentum
where the prime symbol represents the differentiation by w. 
The total distributions are immediately obtained from the converged result
where the sign is + for a ≥ 0 and − for a < 0. These lead to the quasiparticle distributions as ρ a (w, ξ )=ϑ a (w, ξ )ρ t a (w, ξ ). Physical quantities are calculated from them using Eqs. (8)- (11) .
IV. ANALYTICAL RESULTS OF n(ξ )AND j n (ξ ) IN THE HIGH TEMPERATURE LIMIT
When the initial equilibrium state is at infinite temperature on one side, one can analytically analyze particle density n(ξ ), magnetization m(ξ ), and energy density e(ξ ) as well as their current profiles. We examine the contributions of different quasiparticles to those quantities. The result shows the presence of a clogged region, where the charge current is zero but a nonvanishing energy current flows. This region exists irrespective of the initial equilibrium on the other side. If the initial temperature is not infinite but high, the clogged behavior remains, and we will show in the next section numerical results for the initial state at finite temperatures.
Let us consider the setup that the initial left equilibrium is at infinite temperature β L = 0. One can still control the particle density and the magnetization by setting nonvanishing parametersμ
The initial state in the right part is arbitrarily set by the parameters β R , µ R , and B R . For the infinite-temperature initial state in the left part, analytic solutions have been known for the thermodynamic Bethe Ansatz (TBA) equations (A1)-(A4) and Takahashi's equations (D1)-(D4) 29 . Using these solutions, we obtained dressed velocities in the initial left part
Here, k a<0 is the derivative of the charge momentum of the type-a quasiparticle:
Another simple point is that the filling functions are constant in the left part independent of k or Λ
These results are represented by the factors
and f 0 = 1 is also defined for later use. Note that they are finite even whenμ = 0 orB = 0, and f a = |a| + 1 for a < 0 or a > 0, respectively. From Eqs. (26), we have proved that
for any values ofμ andB. The proof is given in Appendix C. The leftmost light cone has the slope
This is because
For ξ ≤ V L , all of the filling functions {ϑ a } are unchanged from the initial left filling functions ϑ L a , therefore, the local state remains the initial left equilibrium state. Let us define similarly V R = max a ξ + a . V L and V R correspond to the Lieb-Robinson bounds 31 .
For ξ > V L , the filling functions {ϑ a } generally differ from ϑ L a , and hence densities and currents depend on the parameters of the initial right equilibrium β R , µ R , and B R . However, for a specific ξ region, we can derive quasiparticles' contributions to densities which hold regardless of the right equilibrium. In particular, in the case that the initial left part is half-filledμ = 0, we can prove the presence of a clogged ξ region where no charge current flows inside the light cone. Remember that β L = 0.
The clogged state appears in the region
For any ξ in this region, there exists a negative integer a * such that ξ < ξ − a , ∀ a < a * . Long k-Λ strings have the occupation
and the total distribution has a Fourier transformation given byρ
The proof is given in Appendix D. The coefficient A (p, ξ ) is to be determined by Takahashi's equations (D1)-(D4). We define the contribution of the type-a quasiparticles to the particle density n a (ξ ) as
The total particle density (13) is
Here, we have used Eq. (34) in the limit a → −∞. Since n(ξ ) = ∑ a≤0 n a (ξ ), A(0; ξ ) is given as
This result shows that A(0; ξ ) is finite. The results above are obtained for V L < ξ < ξ − −∞ . When µ = 0, the initial left equilibrium has the particle density n L = 1. Equation (37) shows that the particle density remains unity in this ξ -region
The continuity equation implies d dξ j n = 0, and since the boundary value vanishes j n (V L ) = 0, the particle density current also vanishes within this whole region
We can repeat similar calculations for the magnetization. Let us now consider the case B R = 0 and the ξ region
and any ξ in this region has a positive integer a such that ξ < ξ − a , ∀ a > a . Whether ξ − −∞ or ξ − ∞ is larger depends on the initial conditions. The quasiparticles' contributions to magnetization are similarly calculated as
for a > a with
and
The magnetization m(ξ ) = ∑ a≥0 m a (ξ ) is given as
In the case ofB = 0, i.e. the initial magnetization vanishes in the left part m L = 0, the magnetization remains zero in the spin clogged region
and no spin current flows
A similar phenomenon is known in the XXZ model 11 . Forμ = 0 andB = 0, there is no clogged region for both n(ξ ) and m(ξ ), and j n and j m both start to flow at ξ = V L . We can show their general relation in the more restricted ξ -region
In this region, Eq. (37) and Eq. (46) are both satisfied with a * = a = 0, and therefore
Eliminating n 0 (ξ ) by using the relation n 0 = 2m 0 , one derives a relation between n (ξ ) and m (ξ )
This also leads to the relation between the corresponding currents
Here, we have used the boundary values j n (V L ) = 0 and j m (V L ) = 0.
Finally, we show that the energy current is nonzero in the charge clogged region V L < ξ < ξ − −∞ , where the particle density current vanishes. Despite the constant particle density, the contribution of each type of quasiparticles changes in this ξregion. Since their bare energy depends on quasiparticle type, it is expected that the energy current flows while the particle density current vanishes. We can explicitly show a nonvanishing j e in the restricted ξ -region V L < ξ < V L,1 in the special case of |μ| =B, where the chemical potential and the magnetic field are canceled for spin-up electrons:μ + s ↑B = 0. This is shown in Appendix F.
V. NUMERICAL RESULTS AT FINITE TEMPERATURES
Now, we present numerical results for the generalized hydrodynamics and investigate the density and current profiles. In this section, we use a simple case of the partitioning protocol that the right part has no electron at t = 0. Thus, the corresponding quasiparticle fillings are zero ϑ R a = 0 in Eq. (18) . For the initial left state characterized by β L ,μ = β L µ L , and B = β L B L , we need to obtain the filling functions ϑ L a and they are determined by solving the TBA equations (A1)-(A4) and Takahashi equations (D1)-(D4). Since they both consist of infinitely many coupled equations, we need a cut-off a c for the string length in their numerical calculations. Note that for at high temperatures with small |µ L |, the initial left particle density of k-Λ string n L a<0 becomes large, therefore, we need a large a c in our calculations. Simple setting η a (Λ) = 0 and ρ t a (Λ) = 0 for |a| > a c is not consistent with the boundary conditions of the TBA equations Eq. (A5) and the expression of n Eq. (13), and we use better approximations explained below.
As for the TBA equations, we have employed the approximation used in Ref. 32 . For large strings with |a| > a c , we approximate s (Λ) by 1 2 
Considering the asymptotic behavior (A5), its solution is given as
In particular, whenμ = 0 orB = 0,
Here, two functions g ∓ are determined by the boundary values at a = ∓a c g ∓ (Λ) = 1
with γ =μ for g − andB for g + . Thus, the TBA equations are now closed for (2a c + 1) unknown functions {η a (Λ)} (−a c ≤ a ≤ a c ), and we numerically solve them by iteration. As for Takahashi's equations, we have used another simple
. This is based on the fact that ρ t a (Λ) converges smoothly to ρ t ±∞ (Λ) as a → ±∞. Actually, if a string a is so long such that ϑ a (Λ) ≈ ϑ a±1 (Λ) ≈ 0, its distribution follows the recurrence relation ρ t a (Λ) ≈ ρ t a−1 (Λ)+ρ t a+1 (Λ) /2 and this is consistent with this approximation, and we assume that the difference from ρ t ±∞ (Λ) remains small at the cut-off ±a c . Thus, Takahashi's equations are now reduced to be about
. We numerically solve the linear integral equations with limiting the functions' domain. As for the derivatives of dressed energies • e a (w) , we approximate the equations (B2)-(B5) in a similar way and numerically solve them.
Details of numerical calculations are as follows. For solving both filling functions and dressed quantities, convolutions include s(Λ) in their kernel. This function decays exponentially at large |Λ| and we use the cutoff for integration region −20u ≤ Λ ≤ 20u. Domain of functions to be solved is limited to −200u ≤ Λ ≤ 200u. For solving dressed quantities, we calculate integrals including filling functions {ϑ a (w, ξ )}. Each filling function is not continuous but jumps at the points on the curve ξ =
• v a (w, ξ ). Therefore, we first determine these discontinuous points and minimize numerical errors in integration by taking account of the jump in the integrand. In each iteration, the dressed velocities are updated from their previous values. Therefore, we need to determine discontinuous points each time, but this accelerates convergence and improves accuracy. The number of iterations for solving dressed quantities is set at most 100 times. When the results did not converge within this limit, we estimated error bars for local conserved quantities and currents from their values in the last 20 iterations.
A. Particle and energy densities and their currents
In our numerical calculation, we set the repulsion u = 2 and the cut-off a c = 48. We analyzed particle density n(ξ ), energy density e(ξ ), and their currents j n (ξ ) and j e (ξ ) at zero magnetic field B L = 0. First, to clarify the correspondence of initial states to initial densities, Fig. 4 (a) and (b) show the µ L dependence of particle density and energy density in the initial left equilibrium state 32 . The profiles of n (ξ ) and j n (ξ ) are shown in Fig. 5 (a) and (b). Contributions of different types of quasiparticles to particle density n a (ξ ) and their currents j n,a (ξ ) are also plotted in the same panels. The particle density and its current show a similar behavior as those in the infinite-temperature limit discussed in Sec. IV. For initial states at or near half filling µ L ≈ 0, there appears a clogged ξ -region where the particle density hardly changes from the left bulk part
Analysis on different types of quasiparticles reveals that scattering states (i.e. real-k type) have a dominant contribution n 0 (ξ ) n a<0 (ξ ) and that it starts to decrease noticeably already at ξ = V L . However, this decrease is nearly compensated by the increase in the contributions of bound states (i.e., k-Λ strings) {n a (ξ )} a<0 , in particular those of −5 ≤ a ≤ −1. For ξ > ξ − −∞ , these bound state contributions are vanishingly small, and the total particle density n(ξ ) shows a large decrease with increasing ξ . In other words, the charge current is mainly carried by scattering states but it is nearly canceled by counterflow carried by bound states in the clogged ξ -region. Figure 6 shows contributions of quasiparticles at several temperatures with µ L = 0 fixed. For each temperature, one line shows the total density or current and the other line shows the sum of contributions of bound states. Even for lower temperatures, the clogged region exists, but its width shrinks. To study in detail the deviation of particle density from unity in the clogged region due to temperature change, we analyzed its convergence with a c . Figure 7 shows 1−n as a function of a −1 c at µ L = 0 and β L = 1 for several ξ 's around the clogged region together with linear fitting. The extrapolation to a c → ∞ shows that the particle density is pinned as n(ξ ) = 1 in the clogged region even at finite temperatures. Figure 8 (a) shows the energy density e(ξ ) plotted in the same way. It shows the energy density has already converged with this cut-off a c . The energy density e(ξ ) has a singularity
close to V L as shown in Fig. 8 (b) . Here, e L is the initial left energy density. The continuity equation (62) leads to the singularity of energy current
(60) Figure 9 shows the µ L dependence of contributions of quasiparticles with β L = 0.5 fixed. In V L < ξ < ξ − −∞ , the small differences of µ L from 0 change the contributions of the bound states to particle density more than those of the scattering states. Consequently, the clogged region vanishes, and the particle density has a singularity n L − n(ξ ) ∼ ξ −V L close to V L , where n L is the initial left particle density. As for the particle density for µ L = 0, {n a (ξ )} show a singularity similar to Eq. Energy density and energy current behave differently from n (ξ ) and j n (ξ ), and j e (ξ ) shows no suppression in the region V L < ξ < ξ − −∞ . All the contributions of different quasiparticle types,ẽ 0 and {ẽ a<0 }, start to increase at the same position ξ = V L , and their currentsκ 0 and {κ a<0 } flow in the same direction. As in the particle density current, the contribution of scattering (i.e., real-k) states is dominant, |κ 0 | |κ a | ( ∀ a < 0). Consequently, in the clogged region V L < ξ < ξ − −∞ , particle density current is suppressed nearly completely, while energy current is large, when the initial density is near half filling β L µ L ≈ 0. This asymmetry between charge and energy currents is quite different from the one expected from Wiedemann-Franz law in thermal equilibrium 33 . Figure 10 compares the energy currents and the particle density currents in the region of −3 ≤ ξ ≤ 3 for various values of β L and µ L . One should first notice that the top-right point of each curve corresponds to ξ = 0, since both currents are maximum there. Decreasing µ L from zero slightly, the charge current in the clogged region increases more sensitively than the energy current. With decreasing µ L further, the left part (ξ < 0) of the curve nearly overlaps with the right part (ξ > 0). Therefore, in a wide region including ξ = 0, the ratio of the two currents is nearly constant, and this is reminiscent of Wiedemann-Franz law in thermal equilibrium. The value of this ratio will be discussed in more detail later. This region is wide in the ξ > 0 part for all β L and µ L . The size of the ξ < 0 part depends on the initial conditions. It is wide at low temperatures (large β L ), but at higher temperatures it shrinks quickly near half filling µ L as the clogged behavior appears. This result reflects that the contributions of bound states decrease in both j n and j e , and that of scattering states becomes dominant. Moreover, close to the two light cones V L and V R , ratios of j n and j e are almost independent of β L and µ L . In this regime, j n and j e satisfy the relation j e ≈ −4 j n . This result is understood as follows. Since
• v R 0 (k) = 2 sin k, the fastest quasiparticle, which reaches ξ = V R , has a charge momentum k = π/2. Its bare energy is e 0 (k = π/2) = −2u = −4, therefore, j e ≈ −4 j n close to V R . For large |µ L |,
• v L 0 (k) ≈ 2 sin k as shown by Eq. (25) . Therefore, close to V L , the quasiparticles with charge momentum k ≈ −π/2 mainly flow. Since e 0 (k = −π/2) = −2u = −4, the two currents also satisfy the relation j e ≈ −4 j n . 
B. Time dependence and stationary currents
Let us now discuss the time evolution of physical quantities such as n(x,t) and j n (x,t). For the partitioning protocol, they depend only on the ray ξ = x/t. For any fixed position x, physical quantities O(x,t) approach their value at ξ = 0 as time goes to infinity
where O and O are the first-and second-order derivative of O(ξ ), respectively, at ξ = 0. Thus, O(ξ = 0) is the stationary value at t → ∞ at any position x. It is important that O(x,t) approaches this value algebraically in time t, which implies that the system has no time scale characterizing its evolution in the long-time asymptotic region. The leading order correction is smaller for currents. For any conserved quantity such as particle number, energy, and magnetization, its local density A(x,t) is related to the corresponding current j A (x,t) via the continuity equation, dA(x,t)/dt + d j A (x,t)/dx = 0. In the ray representation, it reads as
and this concludes j A (ξ = 0) = 0 unless A diverges accidentally at ξ = 0. This proves that the current amplitude is local extremum at the origin ξ = 0. Actually, in all the data of our calculations, the current amplitude is always maximum at ξ = 0. This extremity also implies that the leading correction starts from the second order for various currents such as charge current, energy current, and spin current
where the identity j A = A is used. Thus, currents converge to their stationary value faster than conserved quantities. We have calculated the dependence of stationary currents on initial conditions. One control parameter of the conditions is the density difference between the left and right initial states ∆n ≡ n L − n R = n L . Another control parameter is the initial temperature in the left part β −1 L . Fig. 11 (a) and (b) show the amplitude of the stationary particle density current j n (ξ = 0) and stationary energy current j e (ξ = 0), respectively, as a function of ∆n for β L = 0.5, 1, 1.5, 2, and 5. In the small ∆n region, both currents increase linearly with ∆n, and their slopes increase with increasing temperature β −1 L . On the other hand, in the large ∆n region, temperature dependence reverses, and both currents decrease with increasing temperature. We note that the temperature dependence of j e (0) turns out more complicated as we will show later.
It is useful to compare these results with those for the noninteracting limit u = 0. For u = 0, the initial state is then characterized by the Fermi-Dirac distribution, and an electron with momentum k propagates at velocity v(k) = 2 sin k. Its bare energy should be set as e(k) = −2 cos k − 2u corresponding to that for the interacting case e 0 (k). The stationary particle density current j n (0) is shown in Fig. 11 (c) as a function of ∆n. In contrast to the result for u = 2 shown in Fig. 11 (a) , the current increases with increasing temperature in the whole region of 0 < ∆n < 1. This result implies that the Coulomb interaction reverses the temperature dependence for 0.6 < ∆n ≤ 1. The stationary energy current j e (0) is shown in Fig. 11 (d) .
The temperature dependence reverses in both the interacting and non-interacting cases. Fig. 11 (e ) and (f) shows the comparison between the interacting and non-interacting cases in the small ∆n region. They agree very well for small ∆n, and this demonstrates that Coulomb interaction has almost no effect in systems of dilute electrons, which is consistent with general understanding about correlation effects. This is because electrons can circumvent on-site repulsion effectively by their correlated motions. It is worth mentioning that the stationary particle density current for u = 0 has a universal value independent of temperature at ∆n = 1. We can prove this analytically and its value is j n (0) = 2/π, (u = 0, ∆n = 1).
Furthermore, the slope in the small ∆n region is asymptotically lim ∆n→0 j n (0)
lim ∆n→0 j e (0)
with I 0 being the zeroth order modified Bessel function of the first kind. The slope of j n (0) monotonically increases with increasing β −1 L , which is consistent with the behavior in Fig. 11 (a) . On the other hand, the slope of j e (0) shows a nonmonotonic behavior with temperature β −1 L . Finally, let us analyze the ratio of the two stationary currents j n (0) and j e (0) by examining its dependence on the initial conditions. Wiedemann-Franz law in thermal equilibrium states that the ratio of thermal conductivity to electric conductivity is proportional to temperature β −1 aside from a constant called Lorenz number 33 . Therefore, if one source drives both charge and heat currents simultaneously, one may expect that the ratio of two currents also follows a similar scaling. Since local thermodynamic potential is not well defined in nonequilibrium state, we consider energy current instead of heat current. Figure 12 shows the ratio of the stationary value of energy current j e (0) and particle density current j n (0), which is equivalent to charge current. The ratio is calculated from the data in Fig. 11 (a) and (b) and plotted against ∆n = n L for five temperature sets. An important point is that the ratio depends on not only β L but also ∆n, and this means that the proportionality relation between the two currents is not so simple as Wiedemann-Franz law. With approaching ∆n = 0, the ratio grows and energy current is relatively enhanced than particle density current. Another important feature is that the ratio has different temperature dependence upon varying ∆n.
For smaller values of ∆n, the ratio is large and shows large enhancement with lowering temperature. This is opposite to Wiedemann-Franz law. The ratio in the ∆n → 0 limit can be analytically evaluated using Eqs. (65) and (66): lim ∆n→0 j e (0) j n (0) = β −1 L − 2 u + coth(2β L ) .
This agrees very well the limiting values in Fig. 11 . Therefore, this large temperature dependence is the one expected for noninteracting electrons in nonequilibrium state. With increasing ∆n, the ratio decreases. At the same time, the temperature dependence is suppressed and very small near the half filling ∆n = 1. In the very close vicinity, the temperature dependence reverses and the ratio is suppressed with lowering temperature. Therefore, strongly correlated electrons in the Hubbard model show a nice proportionality of the two currents in a wide range of spatio-temporal points, but their ratio is strongly suppressed by electron correlations, which grow near ∆n = 1. The temperature dependence is even reversed at ∆n ≈ 1. These are an interesting characteristic feature of nonequilibrium dynamics in correlated systems.
VI. CONCLUSIONS
In this paper, we have studied a nonequilibrium dynamics of the 1D Hubbard model based on GHD for the partitioning protocol. We have analyzed initial conditions dependence of the profiles of densities of local conserved quantities and their currents. In particular, we have found and analyzed the emergence of the clogged region, which has no charge current while energy current flows, when the initial left part is halffilled. First, we presented the analytical results in the case that the left initial state is at infinite temperature. We derived the conditions that quasiparticles' contributions to densities satisfy Eqs. (37) and (46) and showed the existence of the clogged region analytically. We also showed general relationships between charge and spin currents Eq. (53) in the case of β L µ L = 0 and β L B L = 0 in the left part. Charge current is proportional to spin current, and their ratio is determined by the initial left conditions. This is a characteristic phenomenon of nested integrable systems, which have multiple degrees of freedom.
We numerically studied charge and energy currents at finite temperatures and zero magnetic field on the initial left side, with the initial right state having no electron. We showed that, even at finite temperatures, the clogged region exists if µ L = 0, and its width shrinks with decreasing the temperature. In the clogged region, the charge current carried by scattering states (i.e., real-k) is nearly canceled by counterflow carried by bound states (i.e., k-Λ strings). On the other hand, the clogged region vanishes if µ L = 0 due to the change of the initial left particle density from unity. In this case, the contribution of scattering states dominates charge and energy currents.
Finally, we have analyzed initial conditions dependence of stationary charge and energy currents. The stationary currents were compared with the values in non-interacting case. For small ∆n, where the Coulomb interaction has almost no effect, their results agree very well. In the non-interacting case, for all 0 < ∆n < 1, the particle density current grows always with increasing temperature, therefore, the reversed temperature dependence in the interacting cases is due to the Coulomb interaction. The ratio of energy current to particle density current (equivalent to charge current) is examined by varying the initial conditions. For ∆n not so close 1, the ratio grows with decreasing temperature and its temperature dependence converges to the formula (67) in the limit of ∆n → 0. With increasing ∆n, the temperature dependence becomes strongly suppressed and we expect that this is due to the enhancement of electron correlation effects. At ∆n ≈ 1, the temperature dependence is even reversed. This suppression is an important characteristic of nonequilibrium dynamics in strongly correlated electrons. 
where x =B. The two factors in the denominator, a −1 sinh a|x| and a 2 u 2 + (Λ − sin k) 2 , both increase monotonically with increasing a > 0. If x = 0, u sinh |x|/(a −1 sinh a|x|) = u and this does not change the following argument. The integrand is positive definite and semidefinite, respectively, for Q a and P a . Combining these shows that P a and Q a decrease monotonically with increasing a. This proves the positivity of the RHS of Eq. (C1). For a < 0, Eq. (C2) holds again with the only change x =μ, and therefore P a and Q a decrease monotinically with increasing |a|. Thus, Eq. (30) is proved 
Notice the identity dΛ f (s g) = dΛ (s f ) g, and one finds that each summation in I 1 cancels the corresponding part in I 2 except the term of a = −1 in the first summation. Thus, the difference of the two components is given as
where ρ h 0 has been replaced by ρ t 0 − ρ 0 . To evaluate the term including ρ t 0 in this, we use Eq. (D2) and find that the result does not depend on ξ 
Namely, among the terms for ρ t 0 in Eq. (D2), only the term 1/(2π) survives in the last expression of ∆I 0 12 . To derive this, we have used the identity Eq. (F4) for f (sin k) = s(Λ − sin k)s(sin k − Λ ). Combining these results, the energy density is represented by ρ 0 and ρ h −1 alone: e(ξ ) =∆I 0 12 + dk e 0 (k) − s * e −1 k ρ 0 (k, ξ )
− dΛ e −1 (Λ) − s e −2 Λ ρ h −1 (Λ, ξ ),
where s e 0 has been replaced by e −1 − s e −2 . This result holds for any ξ , not limited to the restricted clogged region.
In the restricted clogged region V L < ξ < V L,1 , ρ h −1 is determined by ρ h 0 through Eq. (F1) and we can further simplify the result (F18) and the Fourier transform of Eq. (D1) : f −1 A − (p, ξ ) = dke −ip sin k ρ h 0 (k, ξ ). Therefore, using f 
Thus, the ξ -dependence in the energy density comes from the part of ϑ 0 − ϑ L 0 . Finally, let us quantify the spatial variation e (ξ ) further. Since • v 0 do not depend on ξ in the ξ -region, differentiating Eq. (18) leads to
where we have used ϑ L 0 = 1 2 for |μ| =B. Note that the equation
Therefore, the spatial variation of energy density e (ξ ) is given as
where the prime denote the differentiation by ξ , and we have used the relation 1 = 0 . This result clearly shows that e (ξ ) is generally nonzero, except for accidental or the trivial case such as ϑ R 0 (k) = 1 2 for all k as in the left equilibrium. In particular, in the case of u > 1 and ϑ R 0 (k) < 1 2 , the two terms represented with bracket in the sum are both negative, and thus e (ξ ) > 0 for all ξ in this region.
